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A New Model Performance Index for Engineering Design of
Flight Control Systems
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AND

H. PHILIP WHITAKER|
Massachusetts Institute of Technology, Cambridge, Mass.

The theory and application of a new performance index, the Model PI, that brings engineer-
ing design specifications into the analytical design process is presented. A parameter op-
timization design procedure is established that starts with practical engineering specifications
and uses the Model PI as a synthesis tool to obtain a satisfactory design. The Model PI rep-
resents a new criterion for approximating one dynamical system by another, based on a novel
geometrical representation of linear autonomous systems. It is shown to be an effective per-
formance index in designing practical systems and to be substantially more efficient to use
than a comparable model-referenced integral squared error performance index. The design
procedure is demonstrated by designing a lateral-directional stability augmentation system
for the X-15 aircraft.

Nomenclature

a = system extended coefficient vector
di = system characteristic polynomial coefficient of sl

bi = system transfer function numerator polynomial co-
efficient of s*

I = order of model
m = number of system zeros
n = order of system
Q = Model PI weighting matrix, a«Vll«ll2

r = pseudo initial condition weighting factor
u = input variable
W = extended pseudo initial condition weighting matrix
x = system transient response variable
x = system extended state vector or trajectory
y = output variable
OL = model extended coefficient vector in system's extended

state space
Subscripts
m = model
0 = initial time

Special notation
( )(») = rith derivative of the variable ( )
( )' = transpose of ( )
||v|| = (v'v) which is the length of v
|Hk2 = v'Mv

Introduction

THE conventional design process for flight control systems
has become complex, lengthy, and laborious. Even

with the aid of digital computers for root locus and Bode
diagram computations and automatic root locus plotters,
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these techniques are rather slow when used to synthesize
complex multiloop and multiple input/output systems.
This is due mainly to their "trial-and-error" nature, with
only one of several design parameters treated at a time.
The iterations between the effects of several parameters and
between inner and outer loop closures can become tedious.

This paper presents a systematic design technique based
on a new performance index1 that allows the designer to
introduce practical engineering specifications into the design
process, in the convenient form of a model, and yet imple-
ment the technique in a general and efficient manner on a
digital computer. Models have been included in previous
analytical design techniques, notably in the form of model-
referenced integral squared error (ISE) performance indices
(e.g., Refs. 2-5). This should not be equated to "model-
following," which is a specific design configuration that re-
sults from using a model-referenced ISE performance index
in the optimal regulator problem. In the parameter optimi-
zation approach the designer selects the configuration, which
need not include the model per se, and the optimization pro-
cedure determines the values of the free design parameters
that minimize the model-referenced ISE. One problem that
has hindered its application to practical system design is
that even for moderately high-order systems and models
the computational task can become enormous. However,
the new "Model Performance Index" (Model PI) presented
here has the potential of reducing the computation time by
70-85% of that required for the model-referenced ISE
procedure.

The Model PI includes a model to represent the design
specifications in an entirely different manner from that used
with the familiar model-referenced ISE performance index.
It is based on a new geometrical criterion for approximating
one dynamical system (the model) by another (the actual
system). The basic form of the resulting Model PI is the
same as that of quadratic functionals frequently appearing
in modern control theory. The important distinction, how-
ever, is the ability to interpret the performance index directly
in terms of a model of the desired system response, without
actually having the model's time response in the performance
index. In this respect the Model PI theory can be related
to the previous works by Aizerman6 and Rekasius7 on general-
ized performance indices. However, the Model PI does not
have the serious limitations that Aizerman's and Rekasius7
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performance indices have, which restrict their application to
essentially academic examples.1 The Model PI also has an
interesting relationship to the works of Kalman8 and Schultz
and Melsa9 in linear optimal control theory, which will be
presented in a future paper.

Model Performance Index Theory

There are three major steps to establishing a rigorous basis
for the Model PI. First, the input/output transfer char-
acteristics are represented by a linear autonomous system
with a specific set of pseudo initial conditions (1C). These
pseudo IC's contain the effect of system zeros and are also
functions of the characteristic equation coefficients. Second,
the linear autonomous system and pseudo IC's are repre-
sented geometrically in the system's extended state space
by a characteristic plane and pseudo 1C vector. Third, by
transforming both the system and the model into this geo-
metrical representation, a new criterion for approximating one
dynamical system by another is established, which results in
the Model PI.

A Geometrical Representation of Linear Systems

Consider a single input/output system that can be de-
scribed by a closed-loop transfer function of the form

u(s) sn + an-\sn~1 -f- . . . + diS2 -f- a\s + a(
(1)

where y is the output, u is the input, n is the order of the
system, and m ^ n — 1. The system's actual initial condi-
tions are assumed to be zero.

There are many alternate ways to represent mathe-
matically the transfer characteristics of a system. The
representation considered here is the transient portion of the
time response of the system for a unit step input. Assuming
that a finite steady-state value of the output yss exists for a
step input, the transient portion of the response is defined as

x(t) = y(t) - y.. (2)
The transform of the transient response is easily obtained
from Eq. (1) as

x(s) = sn

fro/go (s*""1 + + + a2s + (3)

The work that follows is based on representing the transfer
characteristics of a linear invariant system by a linear
autonomous system with a specific set of pseudo IC's. These
initial conditions will be referred to as pseudo to emphasize
that they are not the actual initial conditions of the original
system.

By replacing the step input with a specific set of hypo-
thetical or pseudo IC's for x(t), one can produce a response
identical to the unit step response. The reason for doing this
is that the effect of the system's closed-loop transfer function
zeros can be included in a performance index developed subse-
quently by these pseudo IC's. The transient response is then
described by the homogeneous differential equation

s(n)(0 + «„_#<» -^(O + . . . + aix(t) + aox(t) = 0 (4)
with pseudo IC's denoted by

x(0) = x0

x(G) = XQ

(5)

where the values of XQ, XQ, etc., are yet to be determined to
give the desired equivalence. These can be established
easily by taking the Laplace transform of Eq. (4) and com-
paring the result with Eq. (3), as follows:

(s ao)x(s) =

o»-i3o((w-2) + + as^o + 0,2X0) +

Note that Xo occurs in Eq. (6) only as a factor of the last
term. From the numerator of Eq. (3) it is clear that XQ —
— bo/do. Then, equating the coefficients of like powers of s
of the remaining terms on the right-hand side of Eq. (6) with
those of the numerator of the first term in Eq. (3) results in
the relationships

for i > m

for i = 1,2, . . . , m
(7)

for i = 1,2,3, . . . , n — 1. Thus, if one uses the initial condi-
tion given by Eq. (7) with the homogeneous Eq. (4), the
time response would be identical to the transient response
of the original system equation for a unit step input. An
alternate interpretation of the pseudo IC's is that they are
the values of the transient response variable, x(t), and its
(n — l)th derivatives at an infinitely small time increment
after the application of the unit step input.

The linear autonomous system [Eq. (4)] can be written in
the following compact formj:

x'(Z)a = 0 (8)
with pseudo 1C vector XQ, where x(t) and a are (n + 1) X 1
vectors, defined as

x'(0 = [x(t)x(t) .. . x<
a = . . . an_il]

(9)

(10)
The first n elements of x0 are determined from Eq. (7), and
the (n + l)th element is determined by making x0 satisfy
Eq. (8) at t = 0. The (n + l)th-dimensional space is re-
ferred to here as the extended state space, and x(t) and a are
referred to as the extended state and coefficient vectors,
respectively. The (n + l)th-dimensional trajectory that
x(0 represents as a function of time is determined by Eq.
(8) together with the pseudo 1C vector x0. Equation (8)
defines a plane§ in the extended state space that is normal to
a, so that x(t) lies within this plane for all values of time.
Any other linear autonomous system producing a trajectory
that lies within this plane can differ from the first only by
its pseudo IC's. Thus, the plane defined by a contains the
trajectories of all possible systems with the same character-
istic equation and is referred to here as the characteristic
plane or simply the a plane. Therefore, a linear, invariant
system can be described by its characteristic plane and
pseudo IC's.

This method of describing a linear system is illustrated
geometrically in Fig. 1 for a second-order system given by

y(s)/u(s) = l/(s-2 + 1.414s + 1) (11)

{ The transpose of a vector or matrix ( ) is denoted by a
prime ( )'.

§ In general, this is more correctly referred to as a hyper-
plane or linear manifold, but, for convenience, it will be referred
to here simply as a plane.
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The coordinate frame
is denoted by

* *
System's characteristic

plane (a-plane!

Fig.l

or

with

System's transient
response trajectory

Geometrical representation of a linear autonomous
system; pseudo 1C vector x0' = [ — 10 1].

x'(0a = 0

a' = [ l 1.414 1]
x'0 = [-1 0 1] (12)

The time response trajectory is seen to start at x0 and traverse
toward the origin, always lying in the a plane. The trajec-
tory of any other system with the same poles as Eq. (11),
but with zeros, would also lie within this plane but would start
at a different x0.

Representing a system by its characteristic plane and
pseudo IC's does not set forth any new mathematical informa-
tion. The statement that the trajectory of any nth-order
system lies within a plane in the extended state space of
(n + l)th order merely relates the fact that the nth derivative
is a linear combination of the state variables, as in Eq. (4).
However, it provides a useful way of visualizing the process
of approximating one system by another using the perform-
ance index developed in the next section.

Model Performance Index (Model PI)

The term "model" as used here relates specifically to
dynamic response specifications of a system design problem.
Usually it refers to a mathematical model of the desired, or
at least satisfactory, response characteristics, so that the
design objective would be to approximate the model closely.

As pointed out in the previous section, a linear, invariant
system can be represented geometrically by its characteristic
plane and pseudo 1C. If both the model and the system to
be designed are represented in this fashion, one can establish
criteria for approximating the model by the system in terms
of their characteristic planes and psuedo IC's. The Model
PI is one such criterion. The basic form of the Model PI can
be thought of as a generalized measure of the distance between
the system's time response trajectory and the model's char-
acteristic plane. This concept can be explained most clearly
for the situation in which the closed-loop system to be de-
signed has no zeros and the model is of the same order as the
system. The general case, for systems with zeros and models
of any order, will be discussed subsequently.

Figure 2 illustrates this geometrical interpretation for a
second order model and system. The model's extended
coefficient vector and pseudo 1C vector are denoted a and
Xm0, respectively. The time response trajectories for the
system and model are shown to lie within their respective
characteristic planes, starting at their respective pseudo 1C
vectors and traversing to the origin.

The system design problem can be thought of as trying to
make the system's response trajectory match or closely

approximate that of the model by selecting the best a, subject
to certain constraints. The coefficient vector is a function
of the free design parameters so that varying the design
parameters varies a in a certain constrained manner. Ideally,
the designer would like to make these trajectories coincide,
which means perfect model matching. That is, the time
histories of the system's and model's response to a step input
would be identical. It is shown in Ref. 1 that, for systems
without zeros, this will occur if and only if the system's
trajectory, x(t), lies within the model's characteristic plane.
Furthermore, if the system's trajectory could be made to lie
close to the model's characteristic plane, it would be close
to the model's trajectory. Therefore, a criterion for approxi-
mating the model by the system can be established based on
minimizing some generalized measure of the distance between
the system's trajectory x(t) and the a plane.

The instantaneous distance from x(t) to the a plane is
given by^

I|i'(fl5||/l|£|| (13)
A generalized measure of the distance from x(t) to the a plane
over the time interval 0 to °° is the integral square of Eq.
(13), which can be written in the compact form

= /0°° l|x(OII20^ (14)

where

PI

Q = aa'/||a:||2 (15)

Equation (14) defines the basic form of the Model PI.
It is termed the Model PI because the state vector weighting
matrix Q is used to represent the model, or, more correctly,
the model's characteristic plane, in the performance index.
It possesses all the desired properties of a performance index,
that is, it is a nonnegative number that decreases as the
system better approximates the model (in the sense defined
earlier), goes to zero if the system matches the model exactly,
and is of a convenient mathematical form. The weighting
matrix Q is always a positive semidefmite matrix by its
definition and can be written directly from the model's char-
acteristic equation.

The most important property of the Model PI is that it
represents the desired results of approximating a model with-
out including the model's time response. This means that
minimizing the Model PI numerically involves a computation
task set by the dimension of the system only. Any per-

The coordinate frame
is denoted by

Fig. 2 Geometrical representation of approximating one
dynamical system by another.

If The notation |)v|lM2, where M is a square matrix, means
v'Mv and ||v|] means simply (v'v)*, which is the length of v.
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formance index that includes the model's time response,
such as a model-referenced ISE, involves a computation
task set by the dimensions of both the system and the model.
The difference in computational efficiency can be substantial
and makes a significant impact on the total amount of com-
puter time used in a parameter optimization design method.
Using the Model PI method could give up to an 85% savings
in computation time over a comparable model-referenced ISE
method, as will be shown subsequently.

The development of this point assumed that the model was
the same order as the system. The Model PI concept is ex-
tended in Ref. 1 to models of lower order than the system.
In that case, one obtains the same form for the Model PI
as Eq. (14) but with a different, yet compatible, definition
for a. If / is the order of the model, then the first (I + 1)
elements of a are the coefficients of the modeFs characteristic
equation and the remaining elements are zero. Minimizing
the Model PI tends to make the system's trajectory match
the model's trajectory in the model's extended state space;
in other words, the system's output and its first I derivatives
tend to match the corresponding model output variables.

Also, the development to this point was for systems with-
out zeros. To extend the Model PI to systems with zeros,
it is necessary to apply some constraint to the pseudo 1C
vector.

The motivation for selecting the Model PI for systems
without zeros was to force the system's transient response
trajectory to lie close to the model's characteristic plane.
In that case the first I pseudo IC's of the system and the model
are always identical, so that matching characteristic planes
correspond to matching trajectories. This is not necessarily
true for systems with zeros. As mentioned previously, the
pseudo IC's contain the effect of the system zeros, whereas
the characteristic plane is only dependent on the poles. For
a given set of poles, changing the zeros of a system corresponds
to picking a different starting point for the trajectory in the
characteristic plane. A system with zeros and a model with
or without zeros would generally not have the same pseudo
IC's except in some special cases that are discussed in Ref. 1.

By virtue of the relationship in Eq. (7), the system's
pseudo IC's are in general functions of the free design param-
eters. They are not arbitrary constants as normal initial
conditions are usually considered to be. This is a critical
point to understand both for extending the Model PI and
for deriving an optimization algorithm. The design process
of selecting the free parameters changes the pseudo IC's as
well as the system's characteristic plane. Therefore, in the
general case it is necessary to add a constraint on the relative
location of the system's and the model's pseudo IC's. The
constraint should be such that if it is satisfied identically,
matching the characteristic planes would again correspond
to matching the trajectories.

One such constraint that is convenient to use is to place a
quadratic penalty on the error between the pseudo 1C vectors
projected into the model's ^-dimensional state space, that is,

where
||X0 -

W =

(16)

(17)

and I is the I X I identity matrix and the O's are appropriately
dimensional null matrices. This places constraints only on
the first I pseudo IC's, which is sufficient. If Eq. (16) is
identically zero, matching the characteristic planes would
correspond to matching the trajectories, at least in the (I +
1)-dimensional space. In general it tends to force the first
I elements of XQ to be near the corresponding model pseudo
IC's. Selecting the a-plane, via the free parameters, to make
the system's trajectory lie close to the a plane then corre-
sponds to approximating the model's trajectory.

8 -§
> s JL 2

i*

.4 .6
Model order
System order

.8 1.0

Fig. 3 Approximate relative computation time for the
Model PI and model- referenced ISE methods as a function

of the ratio of model to system order.

The general form of the Model PI is thus defined as

The scalar r is selected by the designer to set the relative
weighting between matching pseudo IC's and characteristic
planes. The form of the Model PI [Eq. (14)] defined for
systems without zeros is clearly a special form of Eq. (18).

Once the procedure is established for systems with zeros,
it is then possible to treat multivariable systems. Three
different methods for treating multivariable systems are
presented in Ref. 1.

Design via Parameter Optimization

It is assumed here that the design specifications for the
dynamic response of the closed-loop system are given in a
graphical form representing an envelope of acceptable design
characteristics, either in the time or frequency domain or in
the s plane. Starting with these engineering design specifica-
tions, the basic Model PI design method proceeds as outlined
in the following steps: 1) select a linear model to represent
the dynamic response specifications, 2) select a compensation
configuration for the control system, 3) form the closed-loop
transfer function as a function of the free design parameters,
4) apply the general computer program for control system
design using the Model PI, and 5) compare the resulting
closed-loop design to the engineering specifications. If they
are not satisfied, repeat steps 2-5 with a different compensa-
tion configuration. Some variations in these steps, especially
step 5, may be necessary for particular design problems.

The state space formulation of analytical design problems
makes it possible to establish general digital computer pro-
grams for designing linear control systems by parameter
optimization. Such a program has been established for the
Model PI design procedure,1 which only requires providing
the appropriate input data cards and writing one simple sub-
routine to change from one design problem to another. The
numerical optimization procedure uses a technique, derived
in Ref. 1, for evaluating the gradient of the performance
index directly rather than using a numerical difference pro-
cedure.

The last step in the Model PI design procedure is to deter-
mine if the closed-loop system design resulting from the
optimization process meets the engineering specifications.
If the system response lies within the tolerance envelope,
the design problem is complete. At this point, it is imma-
terial whether or not the system response closely matches
the model response as long as it satisfies the engineering
specifications. If they are not satisfied, the design process
is repeated with some alteration that is likely to result in a
better design.

This is essentially the same procedure that would be used
for a model-referenced ISE performance index. The major
difference is in the computational task of the digital computer
program. It is possible to establish a rough estimate of the
relative computational effort for these two methods in terms
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ducing a design with transient responses similar to those of
the model for the same initial conditions is generally desir-
able, one must still check the actual characteristics of the
resulting design against the appropriate handling qualities
criteria. In this example, the design specifications are in the
form of lateral-directional handling qualities criteria. Start-
ing at this point, models are selected to represent the criteria.
Then, a stability augmentation system (SAS) design is syn-
thesized using the Model PI. Finally, the design is judged
by the actual handling qualities criteria.

Problem Formulation

Generally, an aircraft's lateral-directional motion for small
perturbations can be described approximately by

Fig. 4 Lateral-directional handling qualities of the X-15
aircraft (SAS off) at Mach 5.5 and an altitude of 147,000
ft; roll control to roll rate transfer function of X-15.

of the orders of the system and model n and /, respectively.
By far the most time consuming portion of the numerical
optimization algorithm is the evaluation of the performance
index and its gradient. In the program written for this
study, the computation time is approximately proportional
to the cube of the dimension of the state vector appearing in
the performance index. Only the system state vector ap-
pears in the Model PI, so in that case this dimension is
n. But both the system and model state vectors appear in
any model-referenced ISE performance index, so that the
dimension is (n + I).** A rough estimate of the relative

p = Lpp
r = NPp

Lrr
Nrr

L8ft L8ada

N8ada

L8v6v

(20)

where p is the roll rate, r is the yaw rate, ft is the angle of
sideslip, <p is the bank angle, da is the roll control surface de-
flection, and dv is the vertical stabilizer deflection, Lp, Lr, Lp,
L8v, Np, Nr, Np, N8a, N8v, Yp, and Y§v are dimensional stability
and control derivatives.

The numerical values used for this example in Refs. 5 and
11 are the characteristics of the X-15 aircraft at a Mach num-
ber of 5.5 and at an altitude of 147,000 ft (flight configura-
tion and weight were not specified).

Using the numerical values in Eq. (20), one can obtain
the open-loop X-15 transfer function of roll control surface
deflection to roll rates as

23,7QQs{l + [2(0.007)/(1.71) ]s
s/0.0033)(l + s/0.0645){l + [2(0.0078)/(1.72)]s + (s/1.72)2}

Spiral Roll subsidence Dutch roll

(21)

computation times is then given by

/___Model PI compute time
\îModel-referenced ISE compute time/ (n + I) (19)

which is plotted as a function of l/n in Fig. 3. If the system
and model are of the same order, one can see from the figure
that the Model PI method would require only about ^ as
much computation time as the model-referenced ISE would
require, or about an 85% savings in computation time. If
the model is of lower order than the system, the savings would
not be as great. It appears unlikely that the model would be
less than half the order of the system so that the savings
indicated in Fig. 3 would still be about 70%.

A Flight Control System Design Example
Design of a multivariable flight control system by the

Model PI method is illustrated here by an example that was
previously treated in Ref. 11 by linear optimal control theory
and in Ref. 5 by the model-referenced ISE method of param-
eter optimization. The treatment presented differs from
these previous works in respect to the design object. In
Refs. 5 and 11, the design objectives were to match the
transient responses of a linear model to an initial condition
in sideslip angle and to an initial condition in roll rate. The
model used corresponds to the dynamic characteristics of a
T-33 trainer modified to have generally good handling
qualities. Although one might state qualitatively that pro-

The specific lateral-directional handling qualities criteria
for this example are shown in Fig. 4. (See Ref. 1 for a dis-
cussion of these criteria.) These criteria consist of regions
in the s plane for the roll mode and Dutch roll mode poles
and the numerator to denominator frequency ratio of the
Dutch roll mode corresponding to good, satisfactory, and
acceptable handling qualities. The poles and zeros of Eq.
(21) superimposed on Fig. 4 show that the X-15 at this flight
condition without a SAS would be predicted to have un-
acceptable roll and Dutch roll handling qualities based on
these criteria. It is apparent that a SAS is needed to increase
the roll damping and Dutch roll mode damping in order to
obtain good or at least satisfactory handling qualities.

Although the handling qualities criteria used here are
described entirely by terms appearing in the p(s)/5a(s) trans-
fer function, they cannot be adequately represented in an
analytical design method by just a model of the roll command
to roll rate transfer characteristics. Part of the criteria re-

Rol l
command

** This is based on forming an augmented state vector of
(n + I) dimension that includes both the system and model state
vectors and then reformulating the state equations and per-
formance index in terms of the augmented state vector, which is
a fairly standard procedure.10 One could reduce the computation
time for the model-referenced ISE method by partitioning certain
matrix equations, but it could still be two to three times slower
than the comparable Model PI method.
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Fig. 5 Functional block diagram of a lateral-directional
SAS configuration.
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Fig. 6 Estimated handling qualities of the roll control
model; roll control to roll rate transfer function [Eq. (23)].

quires the complex zeros to cancel or nearly cancel the Dutch
roll mode poles. A model with this characteristic would
have such a small Dutch roll mode residue that it would
essentially neglect that mode. In addition to a model of the
roll command to roll rate transfer characteristics, it is neces-
sary to have a model of some transfer characteristics in which
the Dutch roll mode is dominant. A suitable one is the yaw
command to sidelip angle transfer function. Before selecting
the specific models to use in this case, it is helpful first to form
the corresponding system closed-loop transfer functions.

A possible SAS configuration ft is shown in Fig. 5. This
configuration is the same as that considered in Ref. 5, which
pointed out the need for a high-pass (washout) filter to
eliminate the yaw rate feedback in a steady turn. In this
example, the dynamics of the motion sensors, the SAS servos,
and the control surface actuators are neglected. The wash-
out filter shown, with a time constant of 1 sec, is the same as
that used in Ref. 5. The roll rate, sideslip, and yaw rate
feedback gains, denoted by kp, k& and kr, respectively, are
the free design parameters. The control surface deflections
da(s) and dv(s) are related to the feedback variables and the
commands by

8ap(s) — kpp(s)
dvp(s) - kr[s/(l s)]r(s) -

(22)

where 5ap is the pilot roll command and dvp is the pilot yaw
command. The desired closed-loop transfer functions for

---- X-15SASof f

J-,
Pss
sec

-.04

.01,

0 1 2 3 4 5 6 7
Time, sec

Fig. 7a) Time history comparison of Model PI designed
SAS and SA S-off responses of the X-15; step roll command

input.

Fig. 7b) Time history
comparison of Model
PI designed SAS and
SA S-off responses of
the X-15; step yaw

command input.

4'
sec-l -40

-60
1 2 3 4 5

Time sec

relatively close to the pole. Following these guidelines, the
model for roll command to roll rate is selected to be as shown
in Eq. (23), where the sensitivity selected is such that the
model would produce the same rolling moment due to roll
control surface deflection as the X-15. The model's poles
and zeros are superimposed on the handling qualities criteria

pm(s) -624s(l + */3.5){l + [2(0.63)/1.98]s + (g/1.98)2

(1 + s/4.0)(l + «/1.4) (1 + 8/0.005) {1
filter roll subsidence spiral

[2(0.6)/2.0]s
Dutch roll

(s/2.0)2 (23)

pilot roll command to roll rate and pilot yaw command to
sideslip angle as functions of kp, kp, and kr are obtained from
the Laplace transform of Eqs. (20) and (22).

Two models can now be established to represent the design
specifications for these two transfer relationships. In this
case, it is relatively simple to select models with the same
structure as the closed-loop system transfer functions by re-
ferring directly to the handling qualities criteria (Fig. 4).

Four poles of the models can be selected in regions corre-
sponding to good handling qualities in Fig. 4, and the com-
plex zeros can be selected sufficiently close to the Dutch roll
poles. The washout filter causes an extra pole and zero not
covered explicitly by the criteria in Fig. 4. However, the
residue of this extra mode must be kept small in order for it
to affect the handling qualities, so it is wise to select the zero

in Fig. 6. An aircraft with these characteristics would be
predicted to have good handling qualities.

It is only necessary to select zeros to establish the yaw
command to sideslip angle model. The handling qualities
criteria do not place any requirements on these zeros, but
the Dutch roll mode should be dominant. One zero is essen-
tially at the origin, and one is typically near the roll mode
pole. The washout filter pole becomes a closed-loop zero in
this transfer function. The remaining zero is typically far
into the right-half plane. On the basis of these guidelines,
the model for yaw command to sideslip angle is selected to be
as shown in Eq. (24). The sensitivity used is such that the
model would produce the same side force due to the vertical
stabilizer deflection as the X-15.

Design by the Model PI Method

The geometrical representations of the models pm(s)/dap(s)

12.06s(l + 8) (I + 8/1.35) (1 - s/400)
dvp(s) s/0.005){l + [2(0.6)/2.0]s + (s/2.0)2 (24)

f t This is not the actual X-15 SAS configuration,12 which has a yaw rate feedback to the roll SAS servo and does not have a
sideslip angle feedback to the yaw SAS servo.
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and @m(s)/dvp(s) are

(25)

Model PI design did not change kp to within three significant
figures. Therefore, the final solution is the following: kp =
-0.270 da per p, kp = 4.562 8V per /3, kr = -3.084 dv per r.
The closed-loop transfer functions corresponding to these
feedback gains are

p(s) 18,1535 1 + ^7 2(0.582)
1.70

ssX- 1.31 0.00019
, 2(0.575)
+ 1.64 * W (29)

and

«.) G'm(l 0.00S022) (1 + S) (X X S \1 573 /
2(0.575) / s V"

+ 1.64 * + Vl.64/ .

with pseudo 1C vectors XITOO and X2m0, respectively, where
«; = [0.112 22.575 35.143 22.609 7.805 1] (26)

and
X imo = [X lw»o | — X lm0d]

'lmo = [0-5.1169.23-20.7364.7]

x'2wo = [0 -0.0025 1.014 -5.50821.52]

(27)

(28)

The elements of Ximo and X2TOO were computed from Eq. (7)
for Eqs. (23) and (24), respectively.

Only one of the three methods for multivariable systems
presented in Ref. 1 will be illustrated here. It is to apply
the Model PI optimization procedure for a single input/
output system alternately to the design of the closed-loop
"systems" represented by the roll command to roll rate and
yaw command to sideslip angle transfer functions using the
appropriate model. In alternate applications the number
of free design parameters (feedback gains, in this case) is re-
duced by retaining only the most effective ones and fixing
the others at the best value from the previous minimization.

The design example is in the proper form to apply the nu-
merical optimization program described in Ref. 1 for mini-
mizing a functional of the form of Eq. (18) with respect to the
free parameters. All that is necessary is to write a simple
subroutine that relates the free parameters, kp) kp, and krj to
the coefficients of the closed-loop system transfer functions
and provide the input data cards for the appropriate model.
A pseudo 1C weighting factor of 4.0 X 10~6 is used in the
Model PI [Eq. (18)] throughout.

First, consider selecting the free parameter values kp, kp,
and kr that provide the best Model PI match of the system's
p/dap transfer characteristics to the model's pm/8ap transfer
characteristics. The Model PI solution for this step is
kp = -0.270<50 per p, kp = 4.2065, per j3, kr = -2.9745,
per r.

The next step is to hold kp fixed at the value —0.270 and
then determine the Model PI solution for matching the sys-
tem's /3/dVp transfer characteristics to the model's ftm/l>vp
characteristics with just kp and kr as free parameters. The
roll rate feedback gain is held constant because it is known
to be the least effective of the three parameters in changing
the sideslip response to a yaw command. Starting with an
initial choice of kp and kr given by the final values of the
above step resulted in final values for this step of kp =
4.562 8V per ft kr = -3.084 dv per r.

These values together with the previous value for kp should
be a good compromise between matching the two models.
To check this, the first step is repeated with kp free and kp
and kr fixed at these latter values. The procedure for doing
this should be clear from the previous steps. The resulting

(30)

This design would be predicted to have good handling
qualities characteristics based on Fig. 4.

Discussion of Results

The first and most important result is that the Model PI
produced a conceptual design for a stability augmentation
system that would provide satisfactory to good lateral-
directional handling qualities for the X-15 at the flight condi-
tion considered. That was the objective of the example.
The improvement in the dynamic response of the X-15 with
a stability augmentation system is illustrated in Fig. 7 for the
design obtained.

It is not possible to compare this design directly to the
actual X-15 SAS because the feedback configurations are
different. But the roll and yaw rate feedback gain ranges
used in the actual X-15 SAS should indicate the general gain
levels that would be reasonable to implement. The roll rate
feedback gain on the X-15 SAS12 ranges from 0 to —0.5 da per
p} and the yaw rate feedback gain ranges from 0 to —0.3 dv
per r. The Model PI design has a roll rate gain of —0.27 da
per p, which is within the X-15 SAS range and thus is reason-
able to implement. The yaw rate feedback gain obtained
here, about —3.1 5V per r, is an order of magnitude greater
than the corresponding X-15 SAS range, which indicates
that it is probably too high or at least higher than necessary.
This is not a fault of the design procedure but rather of the
model selected. By referring to Fig. 6, one can see that the
Dutch roll mode damping selected for the model was very
conservative. A much lower damping ratio, as low as 0.2,
could be used for the model and still have satisfactory Dutch
roll handling qualities characteristics, providing the other
conditions are met. Since the yaw rate gain affects the
Dutch roll damping primarily, a lower value would result
from the Model PI design if a lower damping ratio were used
in the model. Repeating the Model PI design procedure with
a less conservative model would be a better approach for
obtaining a realistic value for the yaw rate gain than placing
a constraint on the magnitude of the yaw rate gain. By
using the first design as a guide, one could select a new model
with a lower Dutch roll damping that could quite likely be
matched very closely by the Model PI design. This would
give the designer more control over the resulting locations of
the poles and zeros than merely placing a constraint on a
free parameter.

The sideslip angle feedback gain resulting from the Model
PI approach for the model chosen, which is about 4 dv per ft
is probably too high. The X-15 SAS yaw servo is authority
limited to ±7.5° of vertical stabilizer deflection so that less
than 2° of sideslip would saturate the yaw servo with this
gain. Using a less conservative model as discussed previously
would also result in a lower sideslip gain.

This discussion of the practical limitations that might
arise in implementing the conceptual design is included to



NOV.-DEC. 1970 PERFORMANCE INDEX FOR FLIGHT CONTROL SYSTEMS 549

emphasize the synthesis nature of the Model PI method. In
complex problems, one should plan on several design iterations
to obtain an acceptable, practical design. This is also true
with other analytical design methods. For example, the
designs in Refs. 5 and 11 for the same problem considered
here also have feedback gains that would be too high for
practical implementation. To obtain practical designs one
would have to repeat the procedures used in the particular
reference with an appropriate modification. In the linear
optima] control approach used in Ref. 11, the resulting feed-
back design is much more complicated than necessary, and
the designer would want to simplify it, which involves addi-
tional synthesis. Although these analytical techniques do
not provide an automatic design, they are much simpler to
use than conventional techniques on complex design prob-
lems such as this example. Anyone familiar with conven-
tional techniques can appreciate the tedious effort that would
be involved in designing this multivariable system by root
locus, Nyquist, or Bode techniques.

Conclusions

This paper presented a new performance index, the Model
PI, that brings engineering design specifications into the
analytical design process. Application to flight control
systems was emphasized, although the techniques apply to
linear, time invariant, deterministic systems in general. The
basic form of the Model PI is the same as that of quadratic
functionals frequently appearing in modern control theory.
The important difference is the ability to interpret the weight-
ing matrix of the Model PI directly in terms of a model that
relates to engineering specifications. A parameter optimiza-
tion design procedure was established that starts with
practical engineering specifications and uses the Model PI
as a synthesis tool to obtain a satisfactory design.

The Model PI is different from the familiar model-refer-
enced integral squared error (ISE) performance index. It
can be used effectively in designing practical control systems,

and it is substantially more efficient to use than a comparable
model-referenced ISE performance index.
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